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This kind of theoretical experiment is defined as “lock exchange  
Experiment”.The case seen previously was assuming absence 
 of mixing and rotation, and was characterised by flow of the  
lighter water over the dense one. 
The final state is the generation of an horizontal stratification. 
Other kind of “lock exchange” can highlight  not only the  
dynamics of a front but more generally the gravitational 
 circulation 
Gravitational circulation 
ρ1 ρ2
x=0
S
ho
re
 
O
ffs
ho
re
 
 
 
The following case still lacks rotation but introduce mixing.                                       
Mixing prevents the formation of the horizontal stratification 
Water colums are vertically well mixed but a weaker density 
Gradient persist (vertical isopycnals) maintaing a baroclinic 
circulation (much weaker with respect to the previous case) 
The vertical profile of velocity is given by: 
 
 
 
 
Flow inversely proportional to eddy viscosity 
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Introducing rotation (eliminating again mixing mixing)  
determine the generation of a geostrophic adjustement.  
After one inertial period the flow is deflected to the right 
(N. Hemisphere)  leading to a stable S-shaped interface 
confined to one (internal) deformation radius: 
 
 
 
 
On either side of the initial membrane position. 
(obviously the donain along x must be unbounded) 
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the steady state circulation is governed by:  
 
                             with the buoyancy contribution  
                             contained in the pressure term 
                             According to (see previous lecture) 
 
 
 
 
The system denotes  a  geostrophic inviscid two layer 
flow 
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The velocity difference across across the interface is 
given by the Margules Relation:  
 
                              
 
 
 
 
 
         : slope of the interface 
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Consider a cold water/air  mass wedged between the bottom/surface and the a warm warm 
water/air mass. 
 
 
 
Stratification has  
Then horizontal 
And vertical 
 components  
 
 
 
Steady, geostrophic hydrostatic flow is assumed: 
 
Taking the z-derivative of the geostrophic relation and eliminating the vertical pressure gradient 
With the hydrostatic equation we get 
 
 
                              and also :                                                The “Thermal Wind” equations 
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                                                                                Flow described by such relations named also                 
                                                                                as “baroclinic flow” 
 
 
Due to the Coriolis Force the system can be maintained in equilibrium  without levelling the 
density surfaces (Rotation of the Earth can keep the system away from its state of rest without 
any continuous supply of energy) 
The velocity field (u,v) is not specified, only its vertical gradient                      . This implies that 
veocity must change with height . 
 
             
If the density contrast is pronounced (such as across a cold and warm front)s the system can 
be considered as layered 
 
 
 
                                                                       in this case the system can be represented by two 
                                                                       densities, ρ1 and ρ2 , with ρ1<ρ2 and by two   
                                                                       velocities, v1 and v2
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                                                                       in this case the system can be represented by two 
                                                                       densities, ρ1 and ρ2 , with ρ1<ρ2 and by two   
                                                                       velocities, v1 and v2
                                                                                               The thermal wind equation can therefore be 
                                                                       discretised as: 
 
 
 
 
 
Taking Δv=v1-v2 and Δρ=ρ1-ρ2  we arrive at the Margules relation: 
 
 
 
 
 
Where (again)           is the slope of the interface  
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Let us analyse how the steady state configuration is achieved 
Assume:  
an ocean suddenly heated over half of its extent:  
 
 
 
 
 
 
 
 
 
So that the configuration after the warming event is quite similar to the lock exchange 
experiment  configuration (water masses with different density separated by a membrane) 
 
The adjustment (upon removal of the separations) occur under the influence of the Coriolis 
force. Initially the lighter water spill over the denser one (as in the lock exchange experiment 
without rotation, but the current veers to the right (in the N. Hemisphere) to come into 
geostrophic equilibrium.   
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The initial conditions (after the warming event) are:  
u=v=0  
h (the thickness of the warmed layer)= H at (x<0) and h=0 at (x>0)
 
The boundary conditions are: 
 
(u,v)à0 and hàH for xà-∞.   
Gravitational circulation 
The result of the adjustment is a partial spill with associated  with a lateral flow 
 
 
 
 
 
 
 
 
 
 
 
We have also                      and h=0 at x=a(t) where a is the moving point where the interface 
outcrops. 
The governing equations are those of a reduced gravity model that neglect variations  in the y 
direction: 
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N.B: the “reduced gravity character of the equation of motion originate  
from the pressure term assuming a “rigid lid” (η=0) ocean 
 
 
                                                                                 with 
 
 
(see previous lecture)   
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The equation system above conserve the following form if the potential vorticity 
 
                                                    initially all the particle  
                                                     have v=0 and h=H
                                                     so we have 
 
Potential vorticity conservation dictates  
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Gravitational circulation 
                                     Potential vorticity conservation relate the initial state to any subsequent 
                                     state (including the final one) 
 
Once the adjustement is completed the time derivatives of the  of the equations system vanish. 
 
Therefore the continuity equation become                          and then (hu)=constant  
 
Since h=0 at one point the constant must be 0 implying u=0 everywhere. Therefore   
The equation 
                      
                                        vanishes 
 
While  
 
                                              
                                                reduces to the geostrophic relationship                                    
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Gravitational circulation 
We remain then with a system of two (linear!!) equations with two  
unknowns (h and v). 
 
 
 
 
 
 
 
Whose solution is: 
 
 
 
 
 
 
 
Where: 
 R’ is the (previously defined) internal radius of deformation 
 a is the unknown outcrop position (where h vanishes) 
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Gravitational circulation 
a is the unknown outcrop position (where h vanishes) 
 
a can be determined by relating again initial and final state imposing 
 volume conservation. 
 
 
 
 
 
 
 
 
The depletion of light water on the left of x=0 MUST be balance by the presence of light water 
on the right of such position.    
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Gravitational circulation 
Which yields: 
 
 
 
 
 
Indicating that the maximum distance over which the water is spilling is equal to the internal 
radius of deformation 
H − h( )dx
−∞
0
∫ = hdx
0
a
∫
a = g 'H( )
1 2
f = R '
Note that R’ has f at the denominator, therefore the spreading distance a=R’ is less than infinity 
Because f differs from 0. 
 
i.e. the spreading is limited BECAUSE of the Earth Rotation 
 
 
 
 
Infact the non rotating lock exchange experiment HAS an infinite  
Spreading determining the development of a full horizontal  
stratification  
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The last case consider both rotation and mixing 
Producing a pattern similar to the non rotating case with 
friction but with the development of a geostrophic 
current 
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Dense water is formed in winter over the continental shelf by buoyancy extraction, generating 
density gradients in which density decrease offshore. 
 
However prior to geostrophic adjustement  gravitational convection produces bottom offshore 
flow and and surface onshore flow (an “antiestuarine” circulation) 
 
Density is increased often because of heat and fresh water losses due to strong cooling and 
evaporation determined by strong cold and dry winds. 
 
A classsical example of dense water formation over the shelf  and flow comes from the Adriatic 
Sea. 
Dense water flows 
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Model simulation of Adriatic sea Shelf dense water formation and spreading
Dense water flows 
Surface heat flux 
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